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We present a complete classification of self-dual doubly circulant codes of any length over 
GF,, generalizing the results on orthogonal circulant matrices obtained by MacWilliams [S]. 
Introduction 
Several papers concerned with doubly circulant codes (denoted DCC) have 
been published, particularly by Beenker, Bhargava, Karlin, Pless and MacWil- 
liams [l-5, 71. In [5] MacWilliams presents an exhaustive search for orthogonal 
circulant matrices over GF, (p prime). 
This paper is divided into four parts: 
Part I: We introduce the notations and definitions used thereafter. 
Part II: We show the research of self-dual DCC’s is equivalent to the resolution 
of a system (S) of two equations. 
Part III: We solve the system (S). We obtain necessary and sufficient conditions 
for the existence of solutions and a method for constructing the related codes. 
Part IV: We give results obtained from a software written in Fortran at AAECC 
on a Burroughs 6700. 
Part I 
Let A be the algebra GF,[X]I(X”- 1). 
Definition 1. A (n x n)-circulant matrix is a matrix of the form 
Definition 2. A code is said to be doubly circulant when it has a generator matrix 
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of the form 
a 0 ... 0 c 1 *** 1 
G,,=[Id Ql or G,= Id f 
& I 
Q ’ 
where Q is a (n x n)-circulant matrix and a, b, c, d are elements of GF,. 
When the generator matrix is of the form G, (resp. G,) the code is said to be 
pure (resp. bordered). 
Property 1. The algebra of (n x n)-circulant matrices is isomorphic to the algebra 
A. The isomorphism is given by 
Q+ Q(X) = q,,+ qlX+ . . . + q,_,X”-‘. 
Let us give some properties of the algebra A. Let X” - 1 = Py(X) . . . P;(X) be 
the factorisation of X” - 1, where m = pr and P,(X) is irreducible (1 c i =Z N). 
Property 2. The algebra A is isomorphic to the direct sum 
A = A,@. . *@AN, 
where Ai = (gi) and gi = (X” - 1)/P:(X) (1 c i <IV). A is isomorphic to the 
algebra B 
33 = B,@* . .@A&.+ 
where 
B< =GF,[X, Z]/(Pi(X),Z”) (l<isN). 
This was proved by Poli in a more general case [lo, 111. 
We denote by ei the primitive idempotent of Ai, by cpi the isomorphism of Bi 
onto Ai, and by g, the polynomial (X” - 1)/(X- 1)“. 
Remark 1. When rt is non-zero modulo p, we have e, =2(X), where j(X) = 
1+x+* . . +_y-1. 
Let T be the automorphism of A defined by T(R(X)) = R(X-‘). 
Property 3. r is an involutive automorphism which satisfies: 
(a) R(XMS(X))=(R(X), S(X)>+X(R(X),XS(X))+* . . 
+ Xnpl(R(X), Xn-‘S(X)), 
(b) The algebras Ai which are invariant under T are those for which P,(X) is a 
self-reciprocical polynomial (a self-reciprocical polynomial being defined by 
P,(a) = 0 iff P,(a-‘) = 0). 
Self-dual doubly circulants codes 293 
The conjugate of r in B (denoted ?) is defined by 
?(r,(X, Z), . . . > hW, 3) = (flW> -3,. . . > cvw, a), 
where r,(X, Z) = ~p;~o~c~cp~(r~(X, Z)) where j is such that 7(Ai) = Aj. By ?j,i we 
denote ~p;~ocpocpi. 
Finally we give the following: 
Property 4. If Ai is invariant under 7, then i,i is an involutive automorphism 
defined by the set of substitutions 
x-x-’ 
zk - Sk,k(x)zk +. . . + Sk,m_l(x)zm-l, 
where s,,r(X) E GF,[X]/(P,(X)) for any r and 1. 
Part II 
In a first step, we prove that a pure DCC (resp. bordered) is self-dual if and 
only if it has a generator matrix which satisfies a system (S,) (resp. (S,)). 
In a second step, we reduce the two systems (S,) and (S,) to a unique system 
(S). The resolution of this system (S) allows us to obtain all the self-dual DCC’s. 
The following two lemmas can easily be shown. 
Lemma 1. A pure DCC is self-dual if and only if the following equation (S,) is 
satisfied 
(SJ Q(X). T(Q(X)) = -1 in A 
A bordered DCC is self-dual if and only if the set (S,) of equations is satisfied 
a2+c2=-n in GF,, 
(S2) Q(1) = -ab -cd in GF,, 
Q(X) - r(Q(X))=-1-_(b2+c2)j(X) in A. 
Lemma 2. There is no self-dual pure DCC if -1 is not a quadratic residue in GF,. 
There is no self-dual bordered DCC if a and c are both zero or if q and n are both 
even. 
In the sequel, we assume that a is not zero. 
We now have the proposition. 
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Proposition 1. Determining the self-dual DCC is equivalent to determining the 
entries a, c and R(X) which are solutions of 
(S) a2+c2=-n, (1) 
-1 
R(X) * G(X)) = 
if -1 is a quadratic residue in GF,, 
_1 + e 
N if -1 is not a quadratic residue in GF,. 
(2) 
Proof. The research of self-dual pure DCC is equivalent to the research of the 
solutions of Eq. (2). 
The proof that the system (S,) is equivalent to the system (S) is based on the 
fact that a bordered DCC is self-dual if and only if it has a generator matrix of the 
form 
a 0 ... 0 c 1 .f. 
G= ’ 
L 
1 
Id Y R , 
x Y 1 
fulfilling 
(a) If n =O (mod p), 
ab+cd 
X=2a 
and v=~. 
C 
(S,) reads 
i 
a2+c2=0, 
R(X). T(R(X)) = -1. 
(In this case we also have x = -R(1)/2a.) 
(b) If n f 0 (mod p), and -1 is a quadratic residue in GF,, 
x=$(ad-bc) and y=-kx, (k2=-1). 
(S,) reads 
1 
a2+ c2 = -n, 
R(X). T(R(X)) = -1. 
(In this case we also have x = R(l)/(kc - a).) 
(c) If n+ 0 (mod p), and -1 is not a quadratic residue in GF,, 
x = cr and y = -ar, (r = (ad - bc)/n). 
(S,) reads 
a2+c2=-n, 
R(X)*T(R(X))=-l+eN. q 
Now, we shall utilise the isomorphism between A and B. 
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Corollary. In Bi, Eq. (2) becomes 
Vi(X, Z)i,i(Vj(X, Z)) = -1, 
where j is such that 7(Ai) = Ai 
Proof. Each polynomial R(X) in A may be written as 
R(X) = rl(X) +. *e+rN(X) (ri(X)EAi, 1cicN). 
Then Eq. (2) in Ai reads 
ri(X)r(rj(X)) = -ei (T(A~) = Aj). 
and in Bi 
S(X, Z)~j,i(Vj(X, Z)) = -1. q 
Remark 2. When -1 is not a quadratic residue, Eq. (2) in A, reads 
rN(X)r(rN(X)) = 0, 
while in B, it has the form 
t&(X, Z)+N*PJ(u,(X, Z)) = 0. 
The unique solution is: uN(X, Z) = 0. 
Part III 
In this part we solve the sytem (S). The proposed method works for any q 
and n. 
Property 5. The set D of pairs (a, c) of solutions of Eq. (1) is: 
(a) If n = 0 (mod p), 
D = {(a, +ka)/a E GF;}, (k2 = -1) 
(b) If n+O (mod p), and -n is a square in GF, (-n = u2), 
(c) If nf 0 (mod p), and -n is not a square in GF,. Let t and 1 in GF, be such 
that t2+ 1= -1%, 
D= 2-t(s-l-s) 2t+(s_l+s) 
K l(sf’+s) ’ l(s-‘+s) )I 
s~GF?;,s~f-l 
1 
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We shall now solve Eq. (2). For doing so, we have to solve Eq. (3) in Bi 
vi (X, z)?i,i(Ui (X, Z)) = - 1. (3) 
Two cases are possible, either Ai is different from 7(Ai) or Ai is fixed by T. 
Lemma 3. Let Ai be difierent from 7(Ai). The solutions of Eq. (3) in Bi are the pairs 
(v,(X, Z), vi(X, Z)) such that vi(X, Z) is invertible in Bi and vi(X, Z) equals 
-qj(v;‘(x, Z)). 
Lemma 4. Let Ai be equal to 7(Ai). Equation (3) is equivalent to the system 
ao(X)+i,i(a,(X)) = -1) in GFq[X]I(Pi(Xi)), 
g(X, Z)i,i(g(X, Z)) = 1 in Bi, 
where ao(X)g(X, Z) = vi(X, Z) and g(X, Z) = 1+ al(X)Z +. . . + a,_l(X)Z”-‘. 
We solve the first equation, using the fact that P,(X) is a self-reciprocical 
polynomial of degree 21. 
Property 6. The solutions in GF,[X]/(P,(X)) of the equation a,(X)+i,i(ao(X)) = 
-1 are the roots of the polynomial Y”‘+l+ 1. 
Proof. cf. [61. Cl 
Remark 3. If Pi(x) is equal to X+ 1, the equation has solutions if and only if -1 
is a quadratic residue in FG,. 
If P,(X) is equal to X - 1, the equation has always solutions. 
We shall now solve the second equation in Bi. 
Property 7. We solve the equation g(X, Z)4i,i(g(X, Z)) = 1 in Bi by solving a 
linear system defined for any q and n. 
Proof. This equation is equivalent to the system 
f-1 f-i 
af W> + i,i bf W>> . sf,f(x) = - 1 aj Cx> 1 +i,i (ak t-9) . Sk,k C-W 
j=l k=l 
(lSf<m). 
To solve this system, we use an iterative method. We find the solutions al(X) of 
the first equation. Then for higher values of f, we seek the solutions af(X) for 
given values al(X), . . . , af_I(X) (2 s f < m). Let us define 
MC., : the matrix of +i,i in Bi, 
M,.t : the matrix of the multiplication by s~,~(X) in B, 
: the column vector af (X), 
: the COlUmn Vector -offs aj(x) cizl i,i(ak(X)) . sk,f-j(X). 
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To find the solutions a&X), we determine the kernel of the matrix Id+ 
M,,,l. M;,,, and a particular solution of the equation. 
Solving Eqs. (1) and (2), we have proved the following theorem. 
Theorem 1. There exist self-dual DCC’s of length 2(n + 1) if and only if one of the 
following hypotheses is satisfied: 
(Hl) -1 is a quadratic residue in GF, and either ‘q is odd’ or ‘q is even and n is 
odd’. 
Under this hypothesis, there are both pure and bordered codes. 
(H2) q and n are both even. 
Under this hypothesis, there are only pure codes. 
(H3) -1 is not a quadratic residue in GF, and n is odd but not a multiple of p. 
Under this hypothesis, there are only bordered codes. 
PtiIV 
We now present results obtained with a software package in Fortran 77 on a 
Burroughs 6700 at the AAECC. We used the method proposed by Beenker [l] to 
find the minimal distance of the codes. Here are our results: 
- There is no (72,36, 16) self-dual DCC doubly even. 
- We found (64,42,12) self-dual bordered DCC’s. We do not known how many 
of these are equivalent. Such a code was given by Pasquier in 1980 [8]. 
- We found all the (24, 12,9) self-dual bordered DCC’s with weights multiple of 
3, over GF,. There is a quadratic residue and a symmetry code with such 
parameters [6]. 
- We found a (48,24, 15) self-dual bordered DCC with weights multiple of 3, 
over GF3. There is a quadratic residue and a symmetry code with such parameters 
[61. 
- We found all the (24,12, d) self-dual bordered DCC’s over GF,. We did not 
determine their minimal distance. 
Conclusion 
This paper presents two new results. 
We first proved that a DCC is self-dual if and only if the system (S) is satisfied. 
The second new result generalizing the research of MacWilliams [5], is, that we 
can give a method to construct all self-dual DCC’s, for any q and n. 
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